An algorithm for determining the four tuning parameters in a double-Wiebe description of the combustion process in spark-assisted compression ignition engines is presented where the novelty is that the tuning problem is posed as a weighted linear least-squares problem. The approach is applied and shown to describe well an extensive data set from a light-duty gasoline engine for various engine speeds and loads. Correlations are suggested for the four parameters based on the results, which illustrates how the doubleWiebe approach can also be utilized in a predictive simulation. The effectiveness of the methodology is quantified by the accuracy for describing and predicting the heat release rate and predicting the cylinder pressure. The root-mean square errors between the measured and predicted cylinder pressures are 1bar or less, which corresponds to 2% or less of the peak cylinder pressure.
Introduction
Controlled autoignition, or homogeneous charge compression ignition (HCCI), enables a fuel-efficient combustion with low nitric oxides and particulates due to the fast heat release and the homogeneous and dilute mixture [1, 2] . The operating range of the engine is, however, limited and transient control is more challenging compared to more traditional combustion concepts [3] . The focus here is on spark-assisted compression ignition (SACI) combustion, where the HCCI is augmented with spark ignition, which has been shown to increase the load range and increase the control authority over the combustion phasing [4] [5] [6] [7] . Spark-assisted compression ignition can also serve as a way of transitioning between HCCI and spark ignition (SI) combustion [8, 9] .
Analytic approximations of the combustion process, such as the Wiebe function, are computationally efficient and useful for analysis and control-oriented model development. The Wiebe function is one of the best-known approximations for the burn rate and has been applied to many varieties of internal combustion engines [10] and SACI, in particular [11] . Due to the simplicity of the approximation, the function parameters must be tuned to the experimental data and typically depend on several operating condition variables. The aim here is to utilize a doubleWiebe description of the SACI combustion and develop a fast and robust tuning algorithm. To this end, a double-Wiebe function is formulated with four parameters determined by a weighted linear least-squares problem. The parameterization is evaluated on experimental heat release data based on in-cylinder pressure measurements.
Double-Wiebe models first appeared for direct-injected diesel engines [10, 12, 13] for capturing the premixed and the diffusion combustion, respectively. Systematic tuning of the parameters was done in Ref. [14] using the nonlinear optimization method of line search in the steepest descent direction and where the data points were weighted to obtain a good fit around the maximum heat release rate. For HCCI combustion, a second Wiebe function was included in Ref. [15] for capturing the slower final phase of the combustion, which is attributed to cooler regions in boundary layers and crevices. A sweep of the parameter values was used for determining the best fit. A double-Wiebe function was applied to SACI combustion in Ref. [16] for estimating the fraction of the heat release from flame propagation and autoignition, respectively. The five parameters were determined using constrained nonlinear optimization and it was noted that the constraints must be carefully chosen and that the choice depends on the operating conditions. A model for SACI combustion is developed in Ref. [11] where two separate Wiebe functions, each with two parameters, are employed for the heat release. The parameters switch values at a point determined by an autoignition model. The calibrated values are tabulated as functions of the engine load, speed, and normalized air-fuel ratio. Nonlinear optimization techniques, in general, require an iterative search for the best parameters and do not guarantee that the globally optimal solution is found. The current work develops a double-Wiebe approximation for SACI combustion with four parameters together with an easily implementable unconstrained weighted linear least-squares tuning algorithm where the unique solution is explicitly calculated.
The paper is organized as follows. The algorithm is first motivated and described in detail. After that, the results using the experimental data are shown and discussed and conclusions are drawn.
Algorithm
The well-known Wiebe function was developed by Ivan Wiebe for diesel engine combustion in his 1932 dissertation; see the review in Ref. [10] . The function for the accumulated heat release is xðu; m; dÞ
where the duration d and the characteristic exponent m are the parameters and a is chosen such that xðdÞ has a desired value. Wiebe
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where the unknowns ðm þ 1Þ À1 and log d appear linearly in the known quantities. In the plot with w ¼ log u versus v ¼ log½ð1=aÞ logð1 À xðuÞÞ, the parameters are thus determined by the slope and intercept of the linear approximation of the data. From Eq. (2), the parameters can be determined by a linear leastsquares minimization problem, which is clearly advantageous compared to using Eq. (1) directly where the parameters enter in a nonlinear way and a nonlinear optimization algorithm is required. Here, a weighted least-squares is used, which for N data points is
where the index k denotes the data point, c k is the associated weight, p ¼ ðlog d; ðm þ 1Þ À1 Þ T is the parameter vector, and
where the rows of the matrix A are A k ¼ ðv k ; 1Þ. The solution 1 iŝ
with the matrices (2) is also useful for a multiple-Wiebe approach since it shows how one Wiebe function describes the data locally. Figure 1 shows an example with data from SACI combustion. The figure shows a common characteristic seen for the SACI where the data points follow a linear trend but the slope and intercept change fairly quickly during combustion; this occurs around v ¼ À2 or x ¼ 30% on the horizontal axis in Fig. 1 . At this point, the slope dw=dv, which is also shown in the figure, and the intercept reduce, which means that the duration d decreases and the characteristic exponent m increases. The behavior corresponds to the understanding of the SACI as nearly a two-stage combustion, where a propagation flame combustion transitions to, and is quickly dominated by, a relatively faster autoignition [6, 17] . As is obvious in the figure, a double-Wiebe description can fit the data much better than a single Wiebe.
Towards the end of combustion, at around x ¼ 95% in the upper right corner of Fig. 1 , the trend changes again. Between, approximately, x ¼ 96% and 99% the slope is at a higher level and, for the last percent of burn, the slope decreases towards zero. A slower burn at the end of autoignition, here between 96% and 99%, is consistent with observations in pure HCCI combustion and is attributed to cooler regions in the boundary layers and crevices [15] . Additional improvement for the SACI combustion could thus be obtained with a third Wiebe function, at the expense of a more complex description. The behavior in Fig. 1 for the last percent is a consequence of the fact that the estimated burn fraction goes to exactly one while the Wiebe function 1 only goes to one asymptotically as u ! 1. It can also be noted that the uncertainty in the heat release analysis is relatively larger late and early in the combustion than otherwise, since the ratio between the actual heat release and noise, from measurements and uncertainties in the parameters for, e.g., heat transfer models, is relatively lower. It is, therefore, generally wise to limit the interval used for data fitting or use weights in the error norm, which was done in, e.g., Ref. [14] .
Based on the preceding observations, the aim with the current work is to utilize a double-Wiebe function for describing the main features of the SACI combustion while retaining the desirable property that the parameters can be determined from a linear-least squares problem. The formulation should lend itself to both the prescription and prediction of the burn rate. The basic idea is to, relying on the fact that the transition is fast, divide the data into two regions, one for flame propagation and the other for autoignition, where each region is described by a single-Wiebe function and then join these functions. Such an algorithm is described in the remainder of this section.
Algorithm Description.
The inputs to the algorithm are the heat release curve QðhÞ, computed from in-cylinder pressure measurements, the parameters ðF 0 ; F 2 Þ, and the weighting factors c k .
Scaling and Data Selection.
The first steps, illustrated in Fig. 2 , are to normalize the data, select the data for fitting, and determine the transition angle where the interval is divided for the respective Wiebe function. The heat release curve is normalized between h soc and h eoc , which is the start and end of combustion, respectively, estimated from QðhÞ. The local minimum before the main heat release and the maximum after are used to estimate h soc and h eoc , respectively. The normalized burn fraction curve is
where x b ð0Þ ¼ 0 and
The data interval for fitting is restricted to
where h 0 and h 2 are determined by where QðhÞ has reached F 0 % and F 2 % of its maximum value, respectively. The parameters ðF 0 ; F 2 Þ determine the data window used in the algorithm and limit the influence of the uncertainty in the very early and very late stages of combustion where the signal-to-noise ratio is low. The parameters here are chosen to be 5% and 95%, respectively. The transition angle h 1 divides the interval into two regions, where each region is described by a Wiebe function and corresponds to when autoignition dominates the flame propagation. The transition point between flame propagation and autoignition was estimated in Ref. [18] by the maximum change of the slope of the heat release rate, i.e., the jerk (the third derivative) of the heat release. Here, it is also assumed that this occurs after h 0 and before the angle of the peak heat release rate. The transition angle h 1 is thus expressed by
where Fig. 3 . The parameters ðd 0 ; m 0 Þ in x 0 , for the flame propagation, are fitted using the data in the interval ðh 0 ; h 1 Þ and ðd 1 ; m 1 Þ in x 1 , for the autoignition, are fitted using the interval ðh 1 ; h 2 Þ. The parameter a can arbitrarily be chosen for a desired interpretation of the parameter d. Here, it is chosen such that x i ðd i ; m i ; d i Þ ¼ 95%, which yields a % À2:996. To improve the fit close to the peak heat release rate, the weights c k , k ¼ 1…N are chosen as
where h k denotes the crank angle for the data point k and h x , which isdefined in Eq. (9), denotes the location of the peak heat release rate.
Join Wiebe
Functions. The final step is to join the Wiebe functions in order to obtain one composite function based on the individual functions x 0 and x 1 . It should be noted that the reason the functions can be separately fitted and then joined is that the duration of the transition to autoignition is found to be short and independent of the operating conditions.
A smooth composite Wiebe function, which is completely described by the four parameters ðd 0 ; m 0 ; d 1 ; m 1 Þ, is obtained by first joining the derivatives of the two functions through
where f ðuÞ is an interpolation function between x 0 and x 1 describing the transition from flame propagation to autoignition combustion. The transition function is chosen as
Scaling the argument for the exponential controls how quickly the transition occurs and Eq. (12) was found to be appropriate for all data studied here. The angle u t corresponds to the transition angle and is chosen as the intersection between x 0 and x 1 given by
Finally, the composite Wiebe function is given by
where a is the normalization such that x b ðuÞ ! 1, u ! 1. An illustration is given Fig. 4 . It should be noted that the fitting algorithm is independent of how the Wiebe functions are joined. The same algorithm can therefore be used for, e.g., model structures where there is an (11) and (14), by smoothly joining the two Wiebe functions additional model predicting the transition point that depends on the flame propagation. One example is the piecewise function used in Ref. [11] that switches from x 0 0 to x 0 1 at a point given by an autoignition model instead of Eq. (13) . Note, however, that simply switching between two functions will, in general, lead to a discontinuous heat release rate at u ¼ u t , while Eqs. (11)- (14) yield a smooth heat release with continuous derivatives. 
Experiments
The experiments were performed in a prototype four-cylinder 2.0 L engine, based on the GM Ecotec, running on Tier-II certification gasoline fuel. The compression ratio is 11, the bore and stroke is 86 mm, and the connecting rod is 146 mm. The prototype is designed for running multiple modes of combustion (such as HCCI, SACI, and SI) and the important features are a dual-lift valvetrain with dual-independent cam phasers, external exhaust gas recirculation (EGR), direct and port injection, and in-cylinder pressure sensors. The data presented here are from SACI combustion operated close to stoichiometry, with direct injection, and with the low cam lift profiles for intake and exhaust. Negative valve overlap is utilized to trap internal residual gas and a highpressure EGR system provides cooled external residual gas.
A gross heat release analysis is performed on the average cylinder pressure, from 300 cycles, with a single-zone algorithm [19] following standard methods for analyzing cylinder pressure data. 
where u ¼ h À h soc from the weighted linear least-squares solution
with the matrices
where k ¼ 1…N denotes the data point.
Results.
To evaluate the quality of fit of the Wiebe functions the description in Eq. (11) is used, which only requires the four parameters fitted by the preceding algorithm. The results for cylinder 1 are shown here, the quality of the fits for the other cylinders is similar although the parameters are different due to variations between the cylinders.
A sweep of the external EGR (eEGR) is shown in Fig. 5 . The eEGR valve was positioned at five different positions with other actuators held constant. When increasing the amount of the eEGR, which is cooled, the initial charge temperature drops and the autoignition event occurs later. The fit with the double-Wiebe function is fairly good overall and better for the lower eEGR. For more eEGR, the combustion is phased later and there is a larger fraction of the combustion occurring at a slower rate that is not captured by the second Wiebe function; see Fig. 1 . The same observations are made in Fig. 6 , which shows an experiment where the spark and eEGR were simultaneously changed. As the spark timing retards, the eEGR is decreased; the net effects are that the combustion duration increases, the autoignition occurs later, and the slower end phase of the combustion becomes longer.
The design of experiments (DOE) data with 107 points were used to see the quality of the fits for the SACI operating range. In the data set, the engine speed ranges from 1000 rpm to 3000 rpm and the load ranges from 2 bar to 6 bar brake mean effective pressure (BMEP). The eEGR valve, the start of injection, the intake and exhaust cam timings, and the spark timing are all simultaneously varied between different settings at each load and speed in the data set. Figure 7 shows a subset of the DOE data with a quality of fit that is representative for the entire DOE. The fits are fairly good over the range of loads and speeds. The quality of fit for each operating point is quantified by the average root-mean square (rms) error and the maximum error calculated between the start and end of combustion ðh soc ; h eoc Þ. The rms error is below 2.3 J/cad and the maximum error is below 11.5 J/cad for all operating points. where eEGR is the external EGR, iEGR is the internal EGR, T ivc is the temperature at intake valve closing, x b is the total burned gas fraction, k is the normalized air-fuel ratio, h s is the spark timing, and / 0 ¼ ð1 À x b Þ=k is the adjusted equivalence ratio defined in Ref. [20] . Linear correlations for the parameters
were found to give a good fit where the regressors ðx 1 ; x 2 Þ are chosen among the terms (15) such that the total root-mean square error is minimized. The resulting regressors are shown in Table 1 . It should be noted that this general technique may lead to other choices of regressors for another data set.
The value for m 0 , which is the characteristic exponent for the flame propagation, could also be chosen constant, for each speed and load, without much deterioration of the fit.
The predicted heat release rates, with the double-Wiebe parameters computed from Eq. (16) using the regressors in Table 1 , for the cases in Fig. 7 are shown in the top three rows of Fig. 8 . As is expected, the errors compared to the data increase. The largest average rms error increases from 1 J/cad to 3.3 J/cad and the maximum error increases from 4.5 J/cad to 16.0 J/cad. To further quantify these errors, the cylinder pressure P is simulated using the predicted heat release. The simulation is based on the method used for the gross heat release analysis [19] described earlier, but instead of computing QðhÞ with PðhÞ given, PðhÞ is computed with QðhÞ specified by the predicted Wiebe function. The start of combustion, the total accumulated heat release, and the state at intake valve closing are used as input for the simulation. Therefore, the errors can solely be attributed to the predicted heat release rate. The simulated cylinder pressures, based on the double-Wiebe functions in the top three rows in Fig. 8 , are shown in the bottom three rows in Fig. 8 . The largest rms error is 1 bar and the largest maximum error is 3.4 bar, which is approximately 2% and 7% of the peak pressure, respectively.
3.2 Discussion. The algorithm produces double-Wiebe functions with an excellent fit for the flame propagation period and is fairly good for the autoignition period. For the autoignition period a perfect fit cannot be expected using all of the data (see the characteristics in Fig. 1 ), but the weights c k can be used to control where the emphasis is put. Another linear segment, a third Wiebe function, would improve the fit and could potentially be added in the current approach. A key question would be how to robustly determine the transition point to the final segment for curve fitting and how to predict the point in simulation. A suggestion for the former is to use the maximum jerk of the heat release after the peak heat release rate; compare with Eq. (8) and see Fig. 2 . Moreover, due to the low signal-to-noise ratio late in the combustion, an accurate heat release analysis would be even more important.
From the correlation results based on the DOE it was seen that, for an operating point, the flame propagation part may be described by one varying parameter ðd 0 Þ while the autoignition The different combustion characteristics at each operating point correspond to a multitude of conditions for various actuator settings (eEGR valve, start of injection, intake and exhaust cam timing, and spark timing) based on the chosen design of experiments. The root-mean-square (rms err) and maximum (max err) errors between the fitted curves (thin black lines) and measured data (thick gray lines) are computed for the interval ðh soc ; h eoc Þ. 
T ivc eEGR part requires two ðm 1 ; d 1 Þ. This implies that the minimum data required for describing the shape are two coordinates, the angle u t and burn fraction x t , at the transition point and one point on the autoignition part. For example, assuming that the 10% burn angle occurs in the flame propagation and the 90% angle in autoignition, the double-Wiebe function is uniquely characterized by the transition coordinate ðu t ; x t Þ and the 10-90% burn duration. A combustion control strategy would thus need these two set points for complete control of the heat release rate. Since determining the transition point involves multiple differentiations of the pressure signal, using the 50% burn angle and the 10-90% duration is probably more practical for implementation.
Conclusions and Future Work
An algorithm is presented for fitting double-Wiebe functions that describe the SACI combustion process. The functions are formulated in a way such that the four parameters are uniquely determined from heat release data by a standard weighted linear least-squares problem. The algorithm is applied to the experimental data covering the operating range of SACI combustion in a light-duty gasoline engine. The results show that the doubleWiebe functions excellently match the data for the flame propagation and good for the autoignition part of the combustion. For the autoignition, there is a trade-off between accurately capturing the peak heat release rates and the slower final phase of the combustion. Correlations for the parameters are suggested, which enables the double-Wiebe parameterization to be integrated into predictive simulations. Cylinder pressure simulations, utilizing the correlations, show that the root-mean square error due to the double-Wiebe approximation of the heat release is 1 bar or less and the maximum error is 3.4 bar or less for the operating range. Future work may expand the correlations to explicitly include Fig. 8 Predicted heat release rate (top three rows) and predicted cylinder pressure (bottom three rows) are compared with data for varying engine speed, in krpm, and load, BMEP in bar. The root-mean-square (rms err) and maximum (max err) errors between the predicted curves (thin black lines) and measured data (thick gray lines) are computed for the interval ðh soc ; h eoc Þ. The coefficients for the Wiebe functions are calculated from the regressors in Table 1 and the pressures are then simulated using the predicted heat release rate.
load and speed variations and the approach may be extended with a third Wiebe function to better capture the final phase of the combustion.
